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Interaction of a shock wave with turbulence can generate large thermodynamic fluctuations

in a flow. This can lead to enhanced mixing, peak heat transfer and high sound level. The

canonical interaction of homogeneous isotropic turbulence with a nominally normal shock

wave acts as a model problem to investigate physics and develop predictive models. The case

of purely vortical turbulence upstream of the shock is arguably the most fundamental case

and it is the focus of the current work. We use direct numerical simulation (DNS) data and

linear interaction analysis (LIA) to develop a predictive model for the thermodynamic field.

Specifically, transport equation-based models are proposed for the variances in temperature,

pressure, density and entropy. The jump in the thermodynamic variances aremodeled in terms

of the mean compression at the shock, and the closure coefficients are obtained via Kovásznay

mode decomposition. By comparison, the downstream decay is modeled in a phenomenological

way in terms of acoustic transient near the shock and a far-field decay due to viscous dissipation.

The model predictions are found to match well with available DNS data for a range of shock

strengths. In addition, the closed-form solution of the model equations give the scaling of the

thermodynamic fluctuations with mean flow Mach number.

Nomenclature

a = sound speed, m/s

cp & cv = gas specific heat at constant pressure and constant volume, respectively, J/(kg.K)

k = turbulent kinetic energy, k ≡ u′iu
′
i/2, m

2/s2

Lε = dissipation lengthscale, Lε ≡ k3/2 / ε , m

M = Mach number, M ≡ ū / ā

Mt = turbulent Mach number, Mt ≡

√
u′iu
′
i / ā

p = pressure, Pa

r = mean compression by the shock, r ≡ ū1 / ū2 ≡ ρ̄2 / ρ̄1

∗Graduate student, Department of Aerospace Engineering, Indian Institute of Technology Bombay.
†Professor, Department of Aerospace Engineering, Indian Institute of Technology Bombay, and AIAA Senior Member.



R = specific gas constant, J/(kg.K)

Reλ = Reynolds number based on Taylor lengthscale, Reλ ≡ ρ u′ λ / µ

s = entropy, J/(kg.K)

T = temperature, K

u = streamwise velocity, m/s

x = coordinate for the streamwise direction, m

ε = dissipation rate of turbulent kinetic energy, m2/s3

γ = ratio of gas specific heats, γ ≡ cp / cv

κ0 = inflow turbulence peak energy wavenumber, 1/m

λ = Taylor lengthscale, m

µ = dynamic viscosity, kg/(m.s)

ρ = density, kg/m3

ξt = shock-unsteadiness velocity, m/s

Subscripts

(.)0 = inlet value

(.)1 = shock-upstream value

(.)2 = shock-downstream value

Superscripts

(.)∗ = dimensional variable

(.) = Reynolds-averaged variable

(.)′ = fluctuations around the Reynolds-averaged variable

I. Introduction
Interaction of shock waves with flow turbulence is a common feature in the supersonic and hypersonic regime.

Shock turbulence interaction is important in a variety of applications, viz. high-speed propulsion systems [1], inertial

confinement fusion [2, 3], shock wave lithotripsy, and astrophysical shock waves [4, 5]. Shock waves can significantly

enhance turbulent mixing [6], Reynolds stresses [7], vorticity fluctuations or enstrophy [8] and turbulent transfer of heat

[9]. The canonical interaction of a normal shock with homogeneous isotropic turbulence serves as a model problem to

gain physical insight into the phenomena. It has been the subject of a large number of numerical [6, 10–12], theoretical

[5, 13–16] and experimental works [17–19].

The primary effect of a shock wave is to amplify the turbulent velocity and vorticity fluctuations in the flow [20].

The rapid one-dimensional compression can impart significant anisotropy to the Reynolds stress tensor [12, 21]. This is
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associated with a reduction in the Kolmogorov length scale and the transfer of energy to higher wavenumbers. A shock

wave can also lead to large fluctuations in pressure, density and temperature of the gas. Thermodynamic fluctuations

play a vital role in turbulent mass flux, turbulent heat transfer, and in the transport of energy between internal and

kinetic energy components [22]. Shock-induced thermodynamic fluctuations are therefore being studied in relation to

Richtmyer-Meshkov instability [2, 3], jet noise [23, 24] and surface heat flux [9, 25]. In scramjet combustion, shock

waves are essential for rapid mixing of the fuel by turbulence generation [26, 27]. Additionally, the temperature rise

induced due to the shock wave(s) results in spontaneous ignition of the fuel-air mixture [1, 28].

In a recent work [29], we used direct numerical simulation to study the thermodynamic field in canonical

shock-turbulence interaction. Homogeneous isotropic turbulence, with negligible pressure, temperature and density

fluctuations, is fed into a one-dimensional mean flow through a shock wave. The shock is nominally normal and steady

in a time-averaged sense, but deforms and oscillates in response to the unsteady turbulent fluctuations going through it.

Statistics computed behind the shock wave are used to study the effect of mean compression as well the evolution of the

thermodynamic field with downstream distance. It is found that the temperature and pressure variances can take very

large values, followed by a rapid exponential decay behind the shock. By comparison, the density variance can have a

non-monotonic behaviour at high Mach numbers, followed by a gradual decay far away from the shock.

Sethuraman et al. [29] also use a theoretical tool called the linear interaction analysis (LIA) to investigate the

post-shock thermodynamic field. The procedure uses a linear and inviscid framework, valid for small turbulent

fluctuations and high Reynolds number. The analysis is based on Kovásznay decomposition [30] of the disturbance field

into vortical, acoustic and entropy components. Interaction of an elementary vorticity wave generates all three modes

downstream, and the post-shock solution is a function of shock strength and the incident wave properties. Homogeneous

isotropic turbulence upstream of the shock is simulated by integrating over a range of wavenumbers and incidence

angles, for a prescribed energy spectrum, say the von Kármán spectrum,

E(k) ∼
1
k0

(k/k0)
4[

(k/k0)2 + 5/6
]11/6 . (1)

Downstream statistics are compared with DNS data, and it is found that LIA can capture the main effects of the shock

interaction. These include the effects of bulk compression, generation of acoustic energy at the shock and its rapid

decay immediately behind the shock.

In this paper, we use the physical understanding gained via DNS and LIA to propose models to predict the level of

post-shock thermodynamic fluctuations. We consider four fundamental quantities, namely, the variances in temperature,

pressure, density and entropy (s/cv = ln (p/ργ)), to capture the essence of the entire thermodynamic field. The objective

is to predict the jump in the four variances across the shock, as well as their downstream evolution. We develop

transport equation based models for the thermodynamic variances and use Kovásznay mode decomposition to find
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closure coefficients. The model predictions are compared with available DNS data with a focus on the effect of shock

strength. The procedure followed is similar to the k − ε model developed by Sinha et al. [8, 31], which has found

application in a variety of shock-dominated flows [32–38].

We note that the majority of existing turbulence models are for the turbulent kinetic energy and its dissipation rate,

and the Reynolds stress tensor. Limited attempts have been made to develop transport equation models for temperature

and pressure fluctuations and related quantities [3, 39–41]. There are virtually no turbulence models to capture the

effect of shock waves on thermodynamic fluctuations – an important phenomenon in high-speed flows, and the current

work is an attempt to fill this void. The only exception is the model by Quadros & Sinha [42] to predict the turbulent

heat flux in canonical shock-turbulence interaction. A variable turbulent Prandtl number form of the same [43] has been

successful in predicting the peak surface heat transfer rates in shock-boundary layer interactions [37].

II. Thermodynamic variances behind the shock
Figure 1, adapted from Ref. [29], shows the variation of pressure, temperature, density and entropy variance in a

canonical shock-turbulence interaction. The normal shock is located at x = 0 and the grey region corresponds to the

unsteady oscillations of the shock wave. The thermodynamic variances have negligible value upstream of the shock

wave (x < 0), owing to the vortical nature of the incoming turbulence field. We non-dimensionalize the thermodynamic

variances by their respective local mean values, and the upstream turbulence kinetic energy by the square of the upstream

mean flow velocity. The entropy variance is non-dimensionalized by the square of the specific heat of the gas at constant

pressure (with γ = 1.4). The data presented in the figure are further normalized by the upstream turbulent kinetic

energy, so as to assess the effect of the shock compression relative to the incoming turbulence intensity. The streamwise

coordinate is non-dimensionalized by the upstream peak energy wavenumber, κ0.

The post-shock variances in the thermodynamic quantities, as obtained from DNS, show interesting trends. The

pressure and temperature variances attain high values at the shock wave, followed by a rapid drop immediately behind

the shock. The pressure fluctuations reach a non-zero asymptotic value far downstream, whereas the temperature

variance continues to decay in the far-field. The LIA results mimic the trend in the pressure well, and match the far-field

value closely. For the temperature variance, LIA is able to capture the rapid drop behind the shock. This corresponds to

the near-field acoustic decay [29] that is a characteristic feature of canonical shock-turbulence interaction. The acoustic

decay is an inviscid mechanism and is reproduced well by LIA. In the absence of viscous effects, LIA predicts a finite

far-field value for T ′2. The DNS data, on the other hand, shows a systematic deviation from the LIA predictions. In fact,

the data shows a clear transition between the rapid acoustic decay and the slow viscous dissipation of T ′2 at κ0x ' 1.

The DNS density variance plotted in Fig. 1(c) has a non-monotonic variation with a local peak behind the shock (at

κ0x ' 1). As per LIA, ρ′2 starts at a low value, increases behind the shock and then attains an asymptotic level farther

away. Once again, there is a good match between DNS and LIA in the near-field (κ0x < 1), and it is attributed to the
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Fig. 1 Spatial variation of normalized thermodynamic variances for M = 3.50, Mt = 0.15 and Reλ = 33
shock-turbulence interaction.

inviscid acoustic adjustment behind the shock. The non-monotonic behaviour is due to a negative correlation between

the acoustic and entropy modes that contributes to the density fluctuations. In fact, the density plot bears resemblance to

the turbulent kinetic energy variation behind a shock wave (see Fig. 9 in Ref. [12]). A similar interaction between the

acoustic and vortical modes is used to explain the trend in TKE [11, 20]. Farther downstream, the DNS data shows a

gradual decrease in ρ′2, which is similar to the viscous decay of the temperature variance.

The entropy variance computed from the DNS solution (Fig. 1(d)) attains very high values in the region of shock

oscillations. This is an artefact of the unsteady shock motion, and not turbulent fluctuations in a conventional way.

The same is true for the other thermodynamic variances presented in Fig. 1. At the edge of the mean shock, the

DNS s′2 matches the LIA result. Behind the shock, LIA predicts a constant s′2, because entropy fluctuations are not

affected by the rapid acoustic adjustment in the near-field. Entropy is a pure mode as per Kovásznay’s analysis for small

perturbations in an uniform inviscid flow and evolves independent of the acoustic phenomena in the flow. The entropy
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variance exhibits a slow viscous decay with distance from the shock wave. This is corroborated by the budget of the

transport equation for s′2 in Ref. [29], where the viscous dissipation is the dominant term behind the shock. This is not

true for the other thermodynamic variances presented in Fig. 1, as explained below.

As per LIA, pressure fluctuations are due to the acoustic mode and do not display the slower decay found in the

entropy variance. On the other hand, temperature and density fluctuations have contribution from both the acoustic

and entropy modes. The acoustic mode is found to be dominant in the near-field, and it decays rapidly to low level

at the end of the acoustic adjustment region (κ0x . 2). LIA predicts a finite and constant amplitude of the entropy

mode with streamwise distance, and is therefore the main contributor to the thermodynamic field away from the shock.

The far-field value of T ′2 and ρ′2 are thus governed by the entropy component, and they exhibit a slow viscous decay

similar to the entropy variance. The DNS budget of the temperature variance transport equation (Fig. 20 in Ref. [29])

clearly shows this effect. Inviscid dilatational source terms are dominant near the shock, while the viscous dissipation is

important far away.

The data presented in Fig. 1 clearly shows that LIA and DNS can be together used to develop predictive models

for computational fluid dynamic simulation. As seen in the figure, the near-field values of the density, pressure, and

temperature variances are effectively captured by LIA, and the theoretical framework can be reliably used in this

region. The linear and inviscid approximations inherent in LIA often lead to substantial simplification in the equations

governing the thermodynamic fluctuations. The dominant physical mechanisms can thus be easily identified, and used

for model development. The downstream decay, on the other hand, can be modeled in terms of the post-shock turbulent

dissipation rate [8] and calibrated to the DNS data. A similar procedure applied to turbulence kinetic energy [31] led to

the modeling of unsteady shock oscillations based on LIA theory. The resulting shock-unsteadiness k − ε model could

match the post-shock TKE in the DNS of canonical shock-turbulence interaction.

III. Model development
In this section, we develop transport-equation based models for the thermodynamic variances. The approach consists

of two parts, as delineated above. First, we model the jump in the thermodynamic variances across the shock wave and

compare the model predictions with DNS data as a function of Mach number. We focus on Mach numbers higher than

two, as the post-shock thermodynamic variances are too small in magnitude for weaker shocks. Of particular interest is

the high Mach number scaling of the thermodynamic field, which is derived as the solution of the model equations

in the limit M → ∞. As a second step, we model the evolution of the thermodynamic variances downstream of the

shock. Both the acoustic transient, as well as the viscous decay are modeled in a phenomenological way. The model

predictions are finally compared with DNS data in the entire domain, namely, upstream and downstream of the shock

and in the vicinity of the shock wave.
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A. Temperature variance

We start with a transport equation for the temperature variance derived using the conservation of total enthalpy

across a shock wave. It is written in terms of the fluctuations in temperature T ′ and shock-normal velocity u′

cp
∂T ′

∂x
= − (u′ − ξt )

∂ū
∂x
− ū

∂u′

∂x
. (2)

Here x = ξ(y, z, t) is the instantaneous position of the locally unsteady shock wave, such that ξt = ∂ξ/∂t is the

instantaneous shock velocity in the stream wise direction. The equation is written in the shock frame of reference, such

that (u′ − ξt ) is the turbulent fluctuation relative to the unsteady shock wave. Note that the terms that are linear in the

turbulent fluctuations are retained, while the higher-order terms are neglected, under the assumption of small fluctuation

magnitude relative to the corresponding mean flow quantities.

Taking a moment of the above equation with T ′ and Reynolds averaging, we get

cp
∂

∂x

(
T ′2

2

)
= −u′T ′

∂ū
∂x
+ T ′ξt

∂ū
∂x
− ū T ′

∂u′

∂x
. (3)

The first term on the right hand side is the production of temperature fluctuations due to mean compression. It represents

the transfer of energy from the mean kinetic energy to fluctuating internal energy. Physical insight can be derived

from Eq. (2), where a positive velocity fluctuation (with a negative ∂ū/∂x) leads to an increase in T ′, i.e., ∂T ′/∂x > 0.

Starting with an upstream T ′ = 0 would thus give a positive T ′ for u′ > 0 and a negative T ′ for u′ < 0. Thus, the

correlation between the velocity and temperature fluctuations is expected to be positive, and it leads to a positive

production effect in the T ′2 equation (3).

The second term represents the shock-unsteadiness mechanism, and brings in the net effect of an oscillating shock

wave on the temperature field. It is similar in form, but opposite in sign to the production term in Eq. (3), with T ′ξt

replacing the velocity-temperature correlation. In this respect, it appears analogous to the shock-unsteadiness effect in

the TKE equation [31], which leads to a damping of the turbulent amplification by the shock. The last source term

brings in the effect of the dilatational fluctuations generated by the shock; note that the upstream velocity field is purely

rotational, as per the incompressible vorticity mode. Across the shock, a positive ∂u′/∂x in Eq. (2), with a positive

mean velocity, gives a negative temperature fluctuation, and vice versa. The correlation T ′ (∂u′/∂x) in Eq. (3) is thus

negative, and it is expected to have a positive contribution to the temperature variance.

The Rankine-Hugoniot jump conditions across an unsteady shock wave can be linearized to get the following relation

for the temperature fluctuation.

cp
(
T ′2 − T ′1

)
= −

(
u′2 − ξt

)
(ū2 − ū1) − ū1

(
u′2 − u′1

)
(4)
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Here, subscript 1 and 2 correspond to the shock upstream and downstream locations. This can be interpreted as an

integrated form of Eq. (2) across the shock wave. On multiplying each term by T ′m = (T
′
1 + T ′2)/2, we get an equation

that is analogous to the transport equation of the temperature variance at the shock wave.

cp

(
T ′22 − T ′21

)
2

= − u′1T ′m (ū2 − ū1)︸            ︷︷            ︸
Production

+T ′mξt (ū2 − ū1)︸            ︷︷            ︸
Shock-unsteadiness

− ū2 T ′m
(
u′2 − u′1

)︸             ︷︷             ︸
Dilatation

, (5)

The left-hand side represents the change in T ′2 across the shock, and the terms on the right-hand side match up, one to

one, with the source terms in Eq. (3). They consist of the upstream and downstream mean flow quantities, which are

a function of the mean flow Mach number. The turbulence correlations can be computed from the LIA solution for

the three-dimensional disturbance field obtained for each Mach number. The different terms in Eq. (5) can thus be

computed and interpreted as an integrated budget of the differential transport equation (3) across a shock wave.

+ + + + + + + + + + + + + + + + + + + + + + + + + + +

M
1

1 2 3 4 5 6

­0.5
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0.5
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Shock
unsteadiness

Amplification

Error

Fig. 2 Budget of temperature variance equation (5) across a normal shock for varying Mach numbers.

Figure 2 shows the LIA budget of Eq. (5) plotted as a function of shock strength, where the error denotes the

difference between the LHS and RHS. All the terms are normalized by cp T
2
2 (k1/ū2

1) in line with the normalization

described in Sec. II. The production due to mean compression is found to be the dominant mechanism for the generation

of temperature fluctuations at the shock. The dilatation term albeit small, is finite and is responsible for the amplification

of temperature variance at low Mach numbers. The shock-unsteadiness term is found to be relatively small, except for

the high Mach number cases, where it balances the contribution from the dilatation term. The production mechanism

contributes entirely to the temperature variance behind the shock in the hypersonic limit.

Retaining only the production term in the T ′2 equation (3), and modeling the temperature flux u′T ′ as per [42]

(details in Appendix B), we get
∂T ′2

∂x
= −2

u′T ′

cp

∂ū
∂x
= −2 CuT

k ū
c2
p

∂ū
∂x
, (6)
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which can be integrated along with the k equation (without ε term) given in Appendix A, to obtain the following

closed-form solution for the temperature variance downstream of the shock wave.

T ′22 norm.
=

T ′2

T̄2
2 (k1/ū2

1)
'

3 CuT

(b′1 + 2)

[
1 − r−

2
3 (2+b

′
1)
]
(γ − 1)2

M4
1

T2
r

, (7)

Here, CuT and b′1 are the model coefficients defined in Appendix B, r = ū1/ū2 = ρ̄2/ρ̄1 is the mean compression by

the shock and Tr = T̄2/T̄1 is the mean temperature ratio across the shock wave. A purely vortical upstream turbulence

has T ′1 ' 0 and in the limit M1 → 1, the density ratio r approaches 1, which results in T ′2 → 0. There is negligible

temperature fluctuations generated by very weak shocks. In the high Mach number range, r → (γ + 2)/(γ − 1) and we

get T ′22 ∝ M4
1 /T

2
r . Noting that Tr ∝ M2

1 , the normalized temperature variance approaches a finite asymptotic value. This

is consistent with LIA predictions presented in Ref. [29]. The magnitude of the post-shock temperature fluctuations thus

scales with the downstream mean temperature for a fixed turbulence intensity (k1/ū2
1) upstream of the shock. For a given

freestream temperature T̄1, strong shocks at hypersonic Mach numbers can generate large magnitude of temperature

fluctuations (T ′22 ∝ T̄2 ∝ M2
1 T̄1), proportional to the square of the shock Mach number.
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Fig. 3 Variation of normalized temperature variance against Mach number as obtained from DNS, LIA and
model equation (7). Normalization is by the factor, T̄2

2 (k1/ū2
1).

Figure 3 compares the model predictions along with LIA and DNS results. Ideally, we would like to assess the

model against the peak value in DNS, but the rapid variation of T ′2 behind the shock makes is difficult (see Fig. 1).

Instead, we present DNS data at different x locations: at the shock edge identified from mean dilatation profile (filled

squares), κ0x = 0.25 (triangles), κ0x = 0.5 (circles), κ0x = 0.75 (diamonds), and κ0x = 1 (plusses). All the data show

the same monotonic trend with Mach number, as the model prediction. The only exception is the κ0x = 0.25 value for

M1 = 2.5 case, which may be due to high unsteady shock oscillations at low Mach number. The model predictions are

in general higher than the DNS data; the closest match is obtained with the mean shock edge values at the lowest and
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highest Mach numbers. The LIA near-field value (at κ0x = 0+) is comparable to the model predictions in the hypersonic

range (M1 > 5). At low Mach numbers, the LIA solution is qualitatively different from the model results. This is

because of the dilatation term in Eq. (3), which is not included in the simplified model equation. The magnitude of

post-shock T ′2 is relatively small for such weak interactions.

B. Pressure variance

A transport equation for p′2 is derived by taking a moment of the shock-normal momentum equation with p′ and

Reynolds averaging.
∂

∂x

(
p′2

2

)
= −ρ̄ p′u′

∂ū
∂x
− ū p′ρ′

∂ū
∂x
+ ρ̄ p′ξt

∂ū
∂x
− ρ̄ ū p′

∂u′

∂x
, (8)

Once again, viscous and higher order terms are neglected in line with the linear inviscid approximation in the vicinity

of the shock wave. Also, note that the shock-parallel derivatives are assumed to be small compared to those in

the shock-normal direction. An integrated form can be derived in a similar way by starting with the linearized

Rankine-Hugoniot jump condition for pressure fluctuations at the shock. Taking a moment with p′m =
(
p′1 + p′2

)
/2 and

Reynolds averaging gives us

p′22 − p′21
2

= − ρ̄1 p′mu′1 (ū2 − ū1)︸                 ︷︷                 ︸
Production-1

− ū1 p′mρ′1 (ū2 − ū1)︸                 ︷︷                 ︸
Production-2

+ ρ̄1 p′mξt (ū2 − ū1)︸                ︷︷                ︸
Shock-unsteadiness

− ρ̄1 ū1 p′m
(
u′2 − u′1

)︸                 ︷︷                 ︸
Dilatation

, (9)

where the different terms are identified as per the physical mechanisms they represent.

The terms on the right-hand side of Eq. (8) and (9) are analogous to the corresponding terms in the temperature

variance equations (3) and (4), respectively. There is an extra ρ̄1 in the p′2 source terms to match the dimensions of

the pressure equation. The only addition is the second production term, but it is identically zero for purely vortical

turbulence (ρ′1 = 0) upstream of the shock wave. The budget of Eq. (9) computed using LIA data exhibits several

similarities with the T ′2 budget in Fig. 1. See Fig. 3 in Ref. [44]; it is not included here. Specifically, the production

term increases with Mach number to become the largest term for strong interactions, while the shock-unsteadiness term

is comparatively small. The dilatation term is large at low Mach numbers and its magnitude exceeds the corresponding

term for the temperature variance.

A modeled transport equation for the pressure variance is proposed by including the effect of the production term

∂p′2

∂x
≈ −2 ρ̄ p′u′

∂ū
∂x
, (10)

and neglecting the dilatation effect, as in the T ′2 case. The objective to arrive at the simplest possible model equation to

predict the post-shock p′2 at high Mach numbers. A closure model for p′u′ is obtained by using the isentropic relation
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between pressure and temperature fluctuations

p′

p̄
=

(
γ

γ − 1

)
T ′

T̄
,

such that

p′u′ =
(

γ

γ − 1

)
p̄
T̄

u′T ′ =
(

γ

γ − 1

)
p̄
T̄

CuT
k ū
cp
, (11)

where the model for u′T ′ is inserted as per Eq. (43). This is justified by the Kovásznay mode decomposition of the

downstream thermodynamic field. The pressure field is assumed to be purely acoustic. The near-field temperature

fluctuations are also dominated by the acoustic mode, even for strong shocks. This is corroborated by the fact that both

p′2 and T ′2 have a rapid monotonic drop (see Fig. 1) behind the shock wave, for all Mach numbers.

+ +
+

+

M
1

p
’2 2

,n
o

rm
.

1 2 3 4 5 6 7

0

0.5

1

1.5

2

Model

LIA: k
0

x = 1

DNS

κ
0

x

Fig. 4 Variation of normalized pressure variance against Mach number from DNS, model equation (12) and
LIA at κ0x = 1 location. Normalization is by the factor, p̄2

2 (k1/ū2
1).

Substituting Eq. (11) in the model Eq. (10) and integrating across the shock gives us

p′22 norm.
=

p′2

p̄2
2 (k1/ū2

1)
'

3 CuT

(b′1 − 1)

[
1 − r−

2
3 (b
′
1−1)

]
γ2 M4

1

p2
r

, (12)

which has a functional form similar to the normalized temperature variance in Eq. (7). Here, pr = p̄2/p̄1 is the pressure

ratio across the shock and pr ∝ M2
1 in the high Mach number limit. The pressure fluctuations thus scale with the

mean post-shock pressure for fixed upstream values of p̄1, ū1 and k1. The model predicts p′2,rms
'
√

2 k1 p̄2/ū1 for

M1 → ∞, and it is substantially higher than the DNS data (see Fig. 4). The DNS values are taken at different κ0x

locations, similar to Fig. 3 (same legend), owing to the rapid monotonic variation of p′2 behind the shock. LIA results

are plotted at κ0x = 1. The DNS data, as expected, shows a steady decrease between κ0x = 0.25 and 1. The model

prediction at x = 0+ and the LIA results at κ0x = 1 seem to bracket the DNS data. For low Mach numbers (M < 1.3),
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the model equation predicts p′22 < 0 and is therefore unphysical. The limitation of the model can possibly be attributed

to neglecting the pressure-dilatation effect in Eq. (8).

C. Density variance

A transport equation for the density variance can be obtained by taking a moment of the linearized mass conservation

equation across a shock wave.

u
∂

∂x

(
ρ′2

2

)
= −u′ρ′

∂ρ

∂x
− ρ′2

∂u
∂x
+ ρ′ξt

∂ρ

∂x
− ρ

(
ρ′
∂u′

∂x

)
, (13)

The source terms on the right-hand side bear strong resemblance to those in the T ′2 equation (3). The analogous terms

are production due to mean compression (first term), shock-unsteadiness term (third term) and dilatation effect (last

term). The additional production due to ρ′2 (second term) is expected to be small in the absence of upstream density

fluctuations.

Following an approach similar to the temperature variance, we propose a simple modeled form of the transport

equation
∂ρ′2

∂x
= −2

u′ρ′

u
∂ρ

∂x
, (14)

with an objective to predict the local peak in ρ′2 behind the shock, as seen in Fig. 1. Here, only the production due to

mean compression is retained and it needs a closure model for the turbulent mass flux correlation ρ′u′. This is achieved

by appealing to the constituent Kovásznay modes in the post-shock thermodynamic field, as described below.

Sethuraman et al. [29] presents Kovásznay mode decomposition of the post-shock density variance obtained from

LIA. It is found that the rapid non-monotonic variation behind the shock is caused by the acoustic transient (in the

acoustic adjustment region). The far-field asymptotic value, on the other hand, is mostly due to the post-shock entropy

mode and is essentially identical to the peak ρ′2 (see Fig. 1). We therefore exploit the isobaric nature of the entropy

mode to propose the following closure for the ρ′u′ correlation

p′ = 0 ⇒
ρ′

ρ
= −

T ′

T
, (15)

ρ′u′ = −
ρ

T
u′T ′ = −

ρ

T
CuT

k u
cp
, (16)

where CuT is given by Eq. (43) in Appendix B. The modeled form of the ρ′2 equation therefore takes the form

∂ρ′2

∂x
= −2

ρ2

cp T
CuT

k
u
∂u
∂x
, (17)

where the conservation of mass, ρ u = constant is used to replace the mean density gradient with that of the shock-normal

12



mean velocity. Additionally, the conservation of total enthalpy cp T0 = cp T +
u2

2
(neglecting the contribution of TKE)

is used to integrate the equation across a shock. An approximate closed-form solution for the normalized downstream

ρ′2 obtained by assuming cp T = cp T0 is given by

ρ′22 norm.
=

ρ′2

ρ2
2 (k1/u2

1)
'

6 CuT

(b′1 − 4)

[
r−2 − r

2
3 (1−b

′
1)
] [

(γ − 1) M2
1

2 + (γ − 1) M2
1

]
, (18)

and it is found to match the peak ρ′2 in the DNS data well (see Fig. 5). The only exception is Mach 3.5 interaction

and the reason for the discrepancy is currently unknown. The model over predicts the LIA far-field data, and does not

reproduce the qualitative trend in the limit M1 → 1. This is similar to that observed for the temperature variance and

can be attributed to dropping the dilatation term in the governing equation (13). We note that the high-Mach number

limiting value of the normalized ρ′2 is bound by unity. This implies that the maximum rms density fluctuations relative

to the post-shock mean density cannot exceed the turbulence intensity u′rms/u in the upstream flow by a factor of
√

3/2.

A more elaborate closed-form solution of Eq. (17) is presented in Appendix C, and it follows the same qualitative trends

as the approximate solution given above.
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Fig. 5 Mach number variation of normalized density variance from the DNS (post-shock peak value), the LIA
far-field and the model predictions (18). Normalization is by the factor, ρ2

2 (k1/u2
1).

The model equation can be numerically integrated (17) for a prescribed mean velocity profile across a normal shock,

as per the procedure described in Appendix D. The results are presented in Fig. 5 (crosses) for the entire range of Mach

numbers, and they are higher than the approximate closed-form solution given in Eq. (18) by 10 to 12%. A similar

exercise of numerically integrating the model equations for temperature and pressure variances give results that are

identical to the respective closed-form solutions, and hence are not presented.
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D. Entropy variance

Entropy is a derived quantity, and its dependence on the thermodynamic pressure and density allows us to model its

variance using the models developed for the pressure and the density variances. The entropy fluctuations can be written

in a linearized form as
s′

cp
=

p′

γ p
−
ρ′

ρ
. (19)

and we use it to propose the following model transport equation for s′2

∂

∂x

(
s′2

c2
p

)
=

1
γ2

∂

∂x

(
p′2

p2

)
+

∂

∂x

(
ρ′2

ρ2

)
−

2
γ

∂

∂x

(
p′ ρ′

p ρ

)
. (20)

Separately, the jump in entropy fluctuations can be written using Eq. (19)

s′2 − s′1
cp

=

(
p′2
γ p2
−

p′1
γ p1

)
−

(
ρ′2
ρ2
−
ρ′1
ρ1

)
, (21)

which upon multiplying each of its term by s′m = (s
′
1 + s′2)/2 yields the change in entropy variance across the shock as

s′22 − s′21

c2
p

=
1
γ2

©­«
p′22
p2

2
−

p′21
p2

1

ª®¬︸              ︷︷              ︸
Pressure term

+
©­«
ρ′22

ρ2
2
−
ρ′21

ρ2
1

ª®¬︸         ︷︷         ︸
Density term

−
2
γ

(
ρ′2 p′2
ρ2 ρ2

−
ρ′1 p′1
ρ1p1

)
︸                   ︷︷                   ︸

Pressure-density term

. (22)

We use the LIA solution to compute the terms on the right-hand side to obtain the integrated budget of the model

equation (20) across a shock wave. The procedure is similar to that described for temperature variance in Sec. III.A.

The data is plotted in Fig. 6, where the LIA far-field values of pressure and density fluctuations are used, so as to avoid

the near-field LIA data dominated by the acoustic mode.

+ + + + + + + + + + + + + + + + + + + + + + + + + + +

M
1

1 2 3 4 5 6

­0.2

0

0.2

0.4

0.6

Pressure­density
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Fig. 6 Budget of Eq. (22) across a normal shock for varying Mach numbers.
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We see that the change in entropy variance across the shock is mostly due to the contribution of the density variance

term. The pressure variance term is comparatively small and the pressure-density correlation term is negative. The

difference between the LHS and the RHS is shown by the error term and is essentially zero for the entire Mach number

range. The density variance also reproduces the qualitative trend in the entropy variance closely for M > 1.5. This

motivates us to retain only the density term in Eq. (20) and write a simple model equation for the entropy variance.

∂

∂x

(
s′2

c2
p

)
'

∂

∂x

(
ρ′2

ρ2

)
'

1
ρ2

2

∂ρ′2

∂x
. (23)

Note that the dependence on the square of the mean density is replaced by its downstream value. This is based on the

fact that ρ′1 ' 0 in a vortical upstream turbulence, such that only the downstream term ρ′22 /ρ
2
2 in Eq. (22) contributes to

the entropy budget.
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Fig. 7 Variation of normalized entropy variance against Mach number from LIA, DNS (at downstream edge
of mean shock) and the model equation (Cs1× Eq. (18)). Normalization is by the factor, c2

p (k1/u2
1).

A final form of the model equation for entropy variance is thus written as

∂

∂x

(
s′2

c2
p

)
≈ Cs1

∂ρ′2

∂x
= −2 Cs1

ρ2

cp T
CuT

k
u
∂u
∂x
, (24)

where the production coefficient, Cs1 < 1 accounts for the contribution from the pressure terms in Eq. (22). Additionally,

Cs1 brings in the effect of the density ratio across the shock and is a function of the upstream mean flow Mach number.

An approximate closed-form solution for the post-shock entropy variance is equal to Cs1 times the density variance

predicted by Eq. (18), and it is found to match the available DNS data fairly well (see Fig. 7) for the model coefficient

Cs1 =
0.8

(
1 − e(1−0.6 M1)

)
(ρ2/ρ1)

2 , (25)
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The model, however, overpredicts compared to the LIA data, especially at high Mach numbers. Numerical integration of

Eq. (24) using a specified shock profile (as per Appendix D) gives higher s′2 than the approximate closed-form solution.

This is similar to the trend observed for the density variance in Fig. 5.

E. Downstream evolution

In this section, we model the downstream evolution of the thermodynamic variances with the physical insights

obtained from LIA and DNS. The production mechanism for the thermodynamic variances given by Eqs. (6), (10), (17)

and (24) are valid only in the vicinity of the shock wave, since the gradient of mean velocity is zero on either side. In

the downstream region, the thermodynamic variances are modeled to mimic the trends observed in the DNS data.

From LIA and DNS profiles of thermodynamic variances in Fig. 1 (Sec. II), it is easy to see that the decay mechanisms

are not the same for the four thermodynamic variances. The pressure variance displays a rapid acoustic decay, whereas

the entropy variance follows a slower viscous decay. Temperature variance exhibits a mixed type of decay mechanism,

which follows the rapid acoustic decay immediately behind the shock up to a distance corresponding to the acoustic

lengthscale and a slower decay mechanism similar to the entropy variance beyond the acoustic adjustment region. The

production of density variance is modeled by considering its far-field value given by LIA, so as to predict the peak in ρ′2

observed in the DNS. Beyond the local peak, the density variance exhibits a decay mechanism similar to the entropy

variance.

It is to be noted that the modeled equations for the production of the thermodynamic variances depend on the

accurate modeling of TKE, k. Additionally, the dissipation rate of TKE, ε is also needed to ensure that the TKE

amplified by the shock wave is accurately dissipated. The model equations for k and ε from Refs. [8, 31] have proven to

predict well for shock-dominated problems. The k (35) and ε (38) equations are also integrated simultaneously along

with the equations for the thermodynamic variances. For the post-shock flow, they simplify to

u
∂k
∂x
= −ε and u

∂ε

∂x
= −Cε2

ε2

k
, (26)

where the viscous decay of ε is modeled in a phenomenological way in terms of the dissipation rate of k. We take a

similar approach and model the viscous decay of ρ′2 and s′2 as

u
∂ρ′2

∂x
= −Cρ1

ε

k
ρ′2, (27)

and

u
∂s′2

∂x
= −Cs2

ε

k
s′2, (28)

where Cρ1 and Cs2 are O(1) coefficients determining the decay rate of the density and entropy variances, respectively.
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For the pressure variance, we model the acoustic decay mechanism with the dissipation lengthscale given by

Lε = k3/2/ε . The post-shock transport equation is thus written as,

∂p′2

∂x
∼ −

p′2

Lε
' −Cp1

(
p′2 − p′2∞

Lε

)
, (29)

where p′2∞ denotes the finite non-zero value of the pressure fluctuations far downstream of the shock. It is prescribed

using the asymptotic far-field value obtained from LIA; see Fig. 9a from Ref. [29]. The coefficient Cp1 controls the rate

of decay of pressure variance immediately behind the shock as a fraction of the dissipation lengthscale.

We model the downstream evolution of the temperature variance with a combination of acoustic decay and viscous

dissipation,

∂T ′2

∂x
=


−CT1

T ′2

Lε
for κ0x ≤ 1,

−CT2
1
u

ε
u k T ′2 for κ0x > 1,

(30)

with a transition at κ0x = 1, which roughly corresponds to the end of the acoustic transient in LIA. The acoustic

contribution to T ′2 is expected to be small beyond this point. The acoustic and viscous decay model coefficients are

denoted by CT1 and CT2, respectively. They are of O(1), but may vary with Mach number.

IV. Model predictions
The complete equations with the production and the decay terms for each of the thermodynamic variances along

with the models for k and ε are given below,

u
∂

∂x



k

ε

T ′2

ρ′2

p′2

s′2



= −



2
3 (1 − b′1) k

∂u
∂x

2
3 Cε1 ε

∂u
∂x

2 CuT
kũ2

c2
p

∂u
∂x

2 ρ2

cp T
CuT k ∂u

∂x

2 ρ2 CuT k u2 ∂u
∂x

2 Cs1
cp

T
CuT k ∂u

∂x

︸                     ︷︷                     ︸
Production

−



ε

Cε2
ε2

k

Φ

Cρ1
ε
k ρ
′2

Cp1 u
(
p′2−p′2∞

Lε

)
Cs2

ε
k s′2

︸                 ︷︷                 ︸
Decay

, (31)

where the modeling parameters, b1, b′1,Cε1,Cε2 are as provided in Appendix A and CuT is given by Eq. (43) in

Appendix B. The other model coefficients in the decay terms are listed below. The decay term in the T ′2 equation is
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given by

Φ =

(
CT1 u

T ′2

Lε

)
+

(
CT2

ε

k
T ′2 − CT1 u

T ′2

Lε

)
1
2

(
1 + tanh

(
x −

1
2 κ0

))
, (32)

where the hyperbolic tangent function controls the transition from the acoustic decay to the viscous decay. This type

of blending function based on lengthscales is similar to the blending functions proposed in the work of Xiao et al.

[45], where they used a hyperbolic tangent to shift the numerical method from k − ζ RANS near the wall to LES with

one-equation subgrid scale model away from the wall. A constant value of λ0/2 is found to yield reasonably good

results for the Mach number range considered in this study.

Table 1 Normalized values of TKE and its dissipation rate for the DNS cases from Larsson et al. [21].

M Mt Reλ k1 × 10−2 ε1 × 10−4 k0 × 10−2 ε0 × 10−4

2.5 0.22 40 2.42 9.15 2.66 10.4
3.5 0.22 40 2.42 9.15 2.60 10.0
4.7 0.22 40 2.42 9.15 2.55 9.78
6.0 0.22 40 2.42 9.15 2.52 9.64

The equations (31) are numerically integrated using the mean flow profile provided in Appendix D for the DNS

cases of Larsson et al. [21]. Table 1 presents the normalized values of TKE and its dissipation rate at the inlet station

(denoted by subscript 0) and just upstream of the shock (denoted by subscript 1) obtained as per the relations provided

in Appendix D. Here, k and ε are normalized as k = k∗/a ∗21 and ε = ε∗/(a ∗21 κ0), where a1 is the mean speed of sound

upstream of the shock with the superscript ∗ denoting dimensional values. The numerical domain extends from x = −2

to 8, and is discretized using 10000 points.

The results for the temperature fluctuations are shown in Fig. 8 for the M = 2.50, 3.50, 4.70 and 6.00 cases, where

T ′2 is normalized by T
2
2 (k1/u2

1). The upstream turbulence is essentially vortical in the DNS and it gives negligible

temperature variance before the shock (x < 0). The grey region around x = 0 represents the mean shock thickness

and it decreases with increasing Mach number. The production term gives a finite jump in T ′2 across the shock. It is

denoted as the model limiting value without any post-shock decay and it is identical to the model prediction presented in

Fig. 3. Introducing the downstream decay gives a lower peak value followed by a rapid decrease up to about κ0x = 1.

Subsequently, the model switches to a slower viscous decay beyond κ0x = 1. The coefficients for acoustic decay and

viscous dissipation are CT1 = 2 + (M − 1)/5 and CT2 = 0.7 + e(1−M)/2; they decrease with increasing shock strength.

We next evaluate the model results for density variance in Fig. 9, where both the DNS data and the model predictions

are normalized as described in section II. The DNS data for the high Mach number interactions, M = 4.7 and 6.0, show

a prominent peak in ρ′2 at κ0x = 1 behind the shock. The model equation predicts comparable peak values, although its

location is shifted to the edge of the mean shock. The post-shock peak in the density variance is less clearly visible for

Mach 3.5, because of a higher contribution of the acoustic mode to the density fluctuations in this case. See section (3.3)
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Fig. 8 Comparison of model prediction with DNS data for the variation of T ′2 with streamwise distance.

in Ref. [29] for additional details. The acoustic effect is even more prominent at Mach 2.5, where the post-shock density

variance follows a pattern that resembles the near-field acoustic decay observed for pressure and temperature variances

in Fig. 1. For this case, the viscous decay predicted by the model, thus underestimates the rapid drop in p′2 in the range

κ0x < 3. The model also over predicts the density variance for the Mach 3.5 interaction, but appears to reproduce the

downstream decay rate well up to κ0x ' 8. By comparison, the DNS data is matched well by the model at Mach 4.7 and

6.0. The model coefficient Cρ1 = 0.5 + e(1−M/2) is used in the model equation.

The pressure variance obtained for the DNS cases of M = 2.5, 3.5, 4.7 and 6.0 show identical trend. There is

a rapid drop in the near field (κ0x < 1), followed by an asymptotic value further downstream. The model equation

reproduces the near-field decay fairly well, for a constant value of the model coefficient Cp1 = 2. The DNS pressure

variance further downstream (κ0x > 10) matches the LIA far-field value predicted by the model equation. The model

results are lower than the data in the neighbourhood of κ0x = 5, while the model limiting value due to production across

the shock overpredicts the DNS data, especially for high Mach numbers. The data presented in Fig. 10, for both the
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Fig. 9 Model prediction for the streamwise variation of density variance compared with DNS for different
Mach numbers.

DNS and the model, follow the normalization presented in section II.

Figure 11 presents an evaluation of the entropy variance model equation against the DNS data. The objective is to

compare with the entropy variance outside the grey region of the mean shock wave, and not with the high values in the

unsteady shock region. The peak s′2 predicted by the model equation is able to match the DNS data well (within 10%)

for the high Mach number interactions of 4.7 and 6.0. It is also able to reproduce the DNS entropy variance in the

downstream flow, for a constant value of the model coefficient Cs2 = 1. For the M = 3.5 case, the model overpredicts

the post-shock s′2, but matches the post-shock decay rate downstream of the shock. By comparison, the DNS data is

underpredicted in the vicinity of the shock wave for Mach 2.5, but overpredicted further downstream. This is due to

a mismatch in the decay rate between the DNS and the model equation with Cs2 = 1. A higher viscous dissipation

coefficient of Cs2 = 1.4 is able to match the data very well; see Fig. 11(a).

We note that the current model results are obtained for purely vortical turbulence, i.e., negligible entropy variance
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Fig. 10 Spatial variation of the normalized pressure variance obtained from model equation and DNS for
different Mach numbers.

upstream of the shock wave. Including the finite value of s′21 from the DNS would alter the model predictions by a small

amount (4 − 5%). Presence of entropy disturbances in the upstream flow may also bring in additional physics, which is

beyond the scope of the current model.

V. Application of the model
The current model tranport equations for the thermodynamic variances are strictly for one-dimensional flow through a

normal shock. For a general three-dimensional flow application, the model equations can be cast in a frame-independent

form, using the mean dilatation at a shock wave. The left-hand side can be generalized to a convection term, similar to

that in a standard k − ε model. The model coefficients are a function of the shock strength in terms of the upstream

Mach number, as per the physics of the interaction. For CFD implementation, we can use a shock function of the form

proposed in Ref. [43], which can identify the location and strength of the shock waves in the computational domain.
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Fig. 11 Variation of the normalized entropy variance in the streamwise direction for different Mach numbers:
model vs. DNS.

The mean density ratio r , as well as the ratio of the mean temperature and pressure can thus be calculated.

The transport equation models are primarily intended for use in the RANS framework. The simplicity of the model

can be an asset in complex real-life flow configurations, like shock-induced combustion in scramjet engines and plume

induced flow separation on space-launch vehicles. The model can also be useful in hybrid methods, like detached eddy

simulation, and in RANS-based wall modeling in large eddy simulations. Here, the RANS turbulence model is used in

the near wall flow, including the log layer of the boundary layer. Accurate modeling of turbulent fluctuations in the log

layer is important for predicting wall properties, like surface heat flux [43].

The model equations predict the post-shock variances in temperature, pressure, density and entropy. These four

quantities are expected to characterize the entire thermodynamic field behind the shock. Other relevant quantities, like

turbulent mass flux ρ′u′, temperature flux u′T ′ and the pressure-velocity correlation p′u′ can be computed using the

corresponding correlation coefficients. A case in point is the variable Prandtl number model developed for heat flux
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calculation in shock-boundary layer flows. A similar approach can be taken for proposing a variable Schmidt number

model for shock-dominated flows.

The modeling methodology followed in the current work uses the linear interaction analysis, which is based on

the linear approximation for small fluctuations. This is appropriate for low turbulent Mach number cases. High Mt

interactions are found to give higher thermodynamic fluctuations, possibly due to the non-negligible acoustic and entropy

fluctuations upstream of the shock wave. The current model for purely vortical incoming turbulence can be extended to

higher Mt cases by including the additional acoustic and entropy effects. Here again, LIA results for upstream acoustic

and entropy fluctuations have been able to predict the qualitative and quantitative trends with increasing turbulence

intensity [46].

VI. Conclusion
In this paper, we propose a turbulence model for predicting the thermodynamic field generated when homogeneous

isotropic turbulence interacts with a nominally normal shockwave. The upstream turbulence is assumed to be purely

vortical in nature, and the downstream thermodynamic fluctuations are modeled in terms of their constituent acoustic

and entropy modes. The model is based on exact transport equations derived at the shock discontinuity, where linear

interaction analysis is used to identify the dominant physical processes. Kovásznay mode decomposition is employed to

close the source terms at the shock wave. The model predictions for the variances in temperature, pressure, density and

entropy are found to match DNS data for a range of Mach numbers. Next, the post-shock evolution of thermodynamics

variances is modelled in a phenomenological way in terms of acoustic decay and viscous dissipation, and it reproduces

the variation in the downstream flow observed in DNS. The model can be extended to other flows with upstream acoustic

and entropy fluctuations. It can also be generalized to oblique shocks and applied to shock-dominated flows in complex

configurations.

Appendix

A. Shock-unsteadiness k − ε model

Sinha et al. [31] studied the physics of shock-turbulence interaction in the linear inviscid framework to identify

a damping effect of the unsteady shock oscillations on the amplification of TKE across a shock wave. The shock-

unsteadiness effect is proportional to the unclosed correlation, u′ξt , which is modeled as

u′ξt = b1 u′2, (33)
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under the assumption that the unsteady shock motion is caused by the incoming velocity fluctuations. A model transport

equation for TKE is developed to capture the shock-unsteadiness physics, and is given by

u
∂k
∂x
= −u′2

∂u
∂x
+ u′ξt

∂u
∂x
− ε, (34)

where the terms on the right-hand side represent in order, the production of turbulence by mean compression and the

second term represents shock-unsteadiness damping. These two terms take large values at a shock wave and determine

the amplification of TKE across the shock. The turbulent dissipation rate, ε determines the rate of decay of TKE on

either side of the shock wave. Using the closure model (Eq. (33)) in the above equation

u
∂k
∂x
= −

2
3

[
1 − b′1

]
k
∂u
∂x
− ε, (35)

where we use isotropic form of the Reynolds stress, u′2 =
2
3

k valid for the upstream field. Also the closure coefficient

b1 in Eq. (33) is modified to b′1 to account for low Mach number effects; b′1 = b1,∞ (1 − e1−M1 ) and b1,∞ = 0.4 is the

high Mach number limiting value of the coefficient b1 obtained from LIA. Neglecting the dissipation effect across an

infinitely thin shock wave gives the TKE amplification as,

k2
k1
=

(
u2
u1

)− 2
3 (1−b

′
1)

. (36)

It matches DNS data for canonical STI for a range of Mach numbers. See the original reference [31] for additional

details.

In another work, Sinha [8] presents a detailed study of the vorticity amplification by shock compression and

baroclinic effects. The resulting amplification of enstrophy (the variance of vorticity) and the changes in the kinematic

viscosity of the fluid across the shock are used to write the following transport equation for the solenoidal dissipation

rate,

∂εs
∂x
= ũ

∂

∂x

(
ν ω′iω

′
i

)
= ũ ω′iω

′
i

∂ν

∂x
+ ν

∂
(
ω′iω

′
i

)
∂x

, (37)

A model developed for enstrophy amplification is developed using LIA and it is cast in a form similar to the ε− equation

in k − ε turbulence model,

ρ u
∂εs
∂x
= −

2
3

Cε1 ρ εs
∂ũ
∂x
− Cε2 ρ

ε2
s

k
, (38)

where Cε1 = 1 + 0.21 M1 and Cε2 = 1.2. Once again, the model prediction for εs is found to match DNS data in

canonical shock-turbulence interaction.
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B. Model for temperature flux

Quadros & Sinha [42] develop a transport equation model for the turbulent energy flux generated by a shock wave.

We follow a similar procedure to obtain a model for the temperature flux, u′T ′ in canonical shock-turbulence interaction.

By taking a moment of Eq. (2) in Sec. III with u′, we get,

cp
∂

∂x

(
u′T ′

)
= −u

∂

∂x

(
u′2

2

)
− u′2

∂u
∂x
+ u′ξt

∂u
∂x
+ cp T ′

∂u′

∂x
, (39)

where the first term on the right-hand side represents the transfer of turbulent kinetic energy to internal energy fluctuations.

The second and the third terms appear as the production and shock-unsteadiness terms in TKE equation (Eq. (34)). The

last term is the temperature-dilatation correlation. Assuming u′2 = 2k/3 and u′ξt = b1u′2, as in Appendix A, we can

rewrite Eq. (39) as,

cp
∂

∂x

(
u′T ′

)
= −

2
9

(
2 + b′1 − 3 b1

)
k
∂u
∂x
+ cp T ′

∂u′

∂x
, (40)

The effect of the mean flow gradient is expected to be large. Neglecting the last term and integrating Eq. (40) along with

TKE equation (Eq. (35)), without the dissipation term in the vicinity of the shock wave, we get,

cp u′2T ′2 ≈
[
2
9

(
2 + b′1 − 3 b1

) ] (
3

2b′1 + 1

) [
1 − r−

1
3 (2b

′
1+1)

]
k1 u1, (41)

where T ′1 = 0 for purely vortical upstream turbulence and r = u1/u2. The temperature flux generated by the shock is

thus proportional to the upstream turbulent kinetic energy and the mean flow velocity of the incoming flow. This is

physically consistent with linear interaction analysis, which predicts that all post-shock turbulent correlations scale with

the energy of the turbulent velocity fluctuations. Taking this as a guiding principle, we write a model for the variation of

the temperature flux across the shock in terms of the local turbulent kinetic energy and the local mean velocity.

u′T ′ = CuT
k u
cp
, (42)

It can thus be used in the model transport equation for the thermodynamic variances and integrated across the shock.

Here,

CuT =
2
3

(2 + b′1 − 3 b1

2b′1 + 1

) [
1 − r−

1
3 (2b

′
1+1)

]
, (43)

is a function of the shock Mach number, either in terms of the closure coefficient, b′1 and b1, or via the density ratio r

across the shock. A comparison of the model prediction with DNS and LIA results is shown in Fig. 12, where the DNS

data behind the shock is extrapolated back to the shock center location. Normalization is by the factor, u1 T2 (k1/u2
1).
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C. Full expression for density variance

Integration of Eq. (17) with the assumption cp T = cp T0 and suitable normalization results in Eq. (18). On the

other hand, substituting cp T as cp T0 − (u2
/2), following the conservation of total enthalpy in Eq. (17) yields,

∂ρ′2

∂x
= −2

ρ2

cp T0

(
1 −

u2

cp T0

)
CuT

k
u
∂u
∂x
, (44)

where we have limited the binomial expansion of (cpT)−1 in Eq. (17) up to first order terms only. Integrating and

normalizing as performed for Eq. (18) gives,

(
ρ′22

)
norm.

=
ρ′2

ρ2
2 (k1/u2

1)
'

6 CuT

r2

[
(γ − 1) M2

1

2 + (γ − 1) M2
1

]
×{(

1
b′1 − 4

) [
1 − r−

2
3 (b

′
1−4)

]
+

[
(γ − 1) M2

1

2 + (γ − 1) M2
1

] (
1

b′1 − 1

) [
1 − r−

2
3 (b

′
1−1)

]}
,

(45)

Figure 13 compares the predictions of Eq. (18) and Eq. (45), where it is found that the approximation of cp T = cp T0

is reasonably valid. The largest error is approximately 8% at M1 = 7. Further expansion of the series in (cpT)−1 is

found to show no significant increase in the model predictions of density variance.

D. Numerical integration across the shock profile

The canonical nature of the model problem reduces the dimensionality of the statistics, i.e., the averages and

variances vary only in the streamwise direction. This enables us to solve the modeled transport equations for the TKE,

its dissipation rate, and the thermodynamic variances given in Eq. (31) in a one-dimensional framework. The partial

differential operator (∂) and the ordinary differential operator (d) mean the same in this framework, and are used

interchangeably. The equations are integrated in space using the classical 4th order accurate Runge-Kutta method. The
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mean profile with the shock located at κ0x = 0 is specified as follows,

u(x) = u1 + (u2 − u1)
1
2
(1 + tanh (x)) , (46)

ρ(x) = ρ1
u1

u(x)
, (47)

T(x) = T1 +
1

2cp

(
u2

1 − u(x)2
)
, (48)

du(x)
dx

=
u2 − u1
∆x

1
2

(
1 − tanh2 (x)

)
, (49)

dT(x)
dx

= −
1
cp

u(x)
du(x)

dx
, (50)

where ∆x is the uniform grid spacing in the one-dimensional grid. A total of 10000 points is used in the domain of

integration.

The equations given in Eq. (31) are integrated in their non-dimensional form as shown below,

u =
u∗

a∗1
, T =

T∗

T∗1 (γ − 1)
, ρ =

ρ∗

ρ∗1
, p =

p∗

p∗1γ
, s =

s∗

c∗p
R =

R∗

c∗p
=
γ − 1
γ

, cp =
c∗p
c∗p
= 1, (51)

with the superscript ∗ denoting dimensional quantities. The values of k and ε at the inlet of the one-dimensional domain

are obtained by linearly extrapolating the DNS values from the location just upstream of the shock to the inlet station

using the relation of homogeneous isotropic turbulence decaying without any mean strain, as mentioned in Ref. [47].

The expressions for computing the inlet values of k and ε are

κ0 = k1

[
1 +

xsh. ε0
u1 n

]n
, ε0 = ε1

[
1 +

xsh. ε0
u1 n

]n+1
, (52)

27



where, n = 1/(Cε2 − 1) is the decay exponent with Cε2 = 1.2 and κ0xsh. = 6.83 is the normalized distance of the shock

from the inlet station. The domain spans from κ0x = −7.6 at the inlet to the exit at κ0x = 29.6.

The values of k and ε at the location just upstream of the shock need to be known a priori, and are computed as,

k1 =
M2

t

2
, ε1 =

5 M3
t

√
3 (κ0λ∗) Reλ

, (53)

where λ∗ is the dimensional Taylor lengthscale. The values of Mt and Reλ are set as per the available DNS data. The

values of ρ′2, p′2, T ′2 and s′2 at the inlet are set to zero as per the assumption of purely vortical turbulence upstream of

the shock. Extrapolation condition is considered for the outflow boundary in this study.
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